We define and study normal bundle to a pseudoholomorphic curve. Normal forms of 1-jets of the almost complex structure along the curve are deduced via the Nijenhuis tensors distribution. We study the problem of pseudoholomorphic foliation of the curve neighborhood and get some results on persistence of pseudoholomorphic tori.
Introduction
Let J : T M → T M be an almost complex structure J 2 = −1. A submanifold N ⊂ M is called pseudoholomorphic (PH-submanifold) 
if T N ⊂ T M is J-invariant. Generically the only PH-submanifolds have dim C N = 1 ([?]).
Local existence of PH-curves was established by Nijenhuis and Woolf ([NW] ). The global existence result is due to Gromov ([G] ). Non-exceptional PH-spheres usually occur in families ( [MS] ) and the same concerns PH-disks ( [K3] ). However even in the complex situation holomorphic tori are generically discrete ([A1] ).
In [Mo] Moser posed a question what type of KAM-theory can be constructed for a PH-foliation of an almost complex torus T 2n . T 2 -foliations are exceptional: Generically PH-tori are discrete and their number was investigated by Kuksin ([Ku1, Ku2] ). Moser considered a foliation by entire PH-lines C → T 2n with the slope of general position. The main result states that under a small almost complex perturbations of the standard complex structure J 0 on T 2n = C n /Γ, Γ being a cocompact lattice, many leaves persist. If the perturbation is big but tame-restricted then only some of the leaves persist. This was proved by Bangert in [B] . Another proof is given in [KO] .
In [A2](1993-25) Arnold asks about almost complex version (in the spirit of the above Moser's result) for his Floquet-type theory of elliptic curves neighborhoods ( [A1] ). It will be shown the direct extension fails (there are moduli in normal forms), though we conjecture the right generalization is a possibility of PH-foliation of a PH-torus neighborhood by cylinders. We get here partial results and think the general case can be treated by the Moser's method.
The structure of the paper is as follows. In section 1 we review the structure of the Nijenhuis tensor and discuss invariants of almost complex structures and PH-curves. We recall the relevant holomorphic facts as well.
In section 2 we define the canonical almost complex structure on the normal bundle N C M = T M/T C to a PH-curve C and study its properties. Using it we get a normal form of 1-jet of an almost complex structure along a PH-curve.
In section 3 we study foliations, isolated PH-curves and hyperbolicity and recover some traces of normal bundles to holomorphic curves theory in almost complex situation. We also obtain geometric interpretation of the Moser's nondeformation examples from [Mo] .
Moduli of PH-curves neighborhoods
Throughout this section we assume dim M = 4.
Nijenhuis tensor characteristic distribution
Nijenhuis tensor of an almost complex structure J is the (2, 1)-tensor
Integrability of J is expressed via it as N J = 0 ( [NW] ). This tensor satisfies the property N J (Jξ, η) = N J (ξ, Jη) = −JN J (ξ, η) and so can be considered as an antilinear map N J : Λ 2 C 2 → C 2 , C 2 = (T x M 4 , J). Thus the image is invariant under J and if N J = 0 it is a complex line C ⊂ C 2 .
Definition 1. Let us call Π 2 = Im N J ⊂ T M the Nijenhuis tensor characteristic distribution on 4-dimensional almost complex manifold (M 4 , J).
In fact Π is a differential systems. At singular points, which are generically isolated, the rank of Π is 0.
This distribution Π 2 is in general situation nonintegrable. Therefore it has nontrivial derivative Π 3 = ∂Π 2 , that is the differential system with the C ∞ (M )-module of sections P 3 = C ∞ (Π 3 ) generated by the module of sections P 2 = C ∞ (Π 2 ) and its self-commutator: P 3 = [P 2 , P 2 ]. Π 3 is not distribution everywhere and its singularities form a stratified submanifold Σ 2 of codim = 2.
Consider a point outside Σ 2 . If the distribution Π 3 is nonintegrable, then P 4 = [P 3 , P 3 ] = D(M ) is the module of all vector fields, so that the next distribution is the whole tangent space. Moreover generically [P 2 , P 3 ] = D(M ) outside another stratified submanifold Σ 2 of codim = 2.
If x / ∈ Σ 2 , then Π 
Note that reducing a geometric structure to a frame ({e}-structure) solves completely the equivalence problem. The idea is as follows. Consider the moduli of the problem, i.e. functions 
Invariants of a PH-curve neighborhood
Let C 2 be a PH-curve. At every point x ∈ C we have two J-invariant planes T x C 2 and Π 2 x , which generically intersects by zero, except at a finite number of pointsΣ 0 ⊂ C. The sets Σ 0 = Σ 2 ∩ C and Σ 0 = Σ 2 ∩ C are generically finite as well. The arrangement of all these points
For points x ∈ C \ Σ 0 we define field of directions
The integral curves of this 1-distribution foliate the set C \ Σ 0 and in general C foliates with only nondegenerate singular points. Denote the number of elliptic points by e (L 1 ) and the number of hyperbolical by h(L 1 ). Note that (topologically stable) points ofΣ 0 are usually regular points of L 1 . One can prove:
For instance if C = T 2 we get foliation without singularities.
Due to the previous subsection the foliation L 1 is oriented, cooriented and has parallel and transverse measures outside Σ 0 . Thus there exist canonical vector fields v 1 along L 1 and v 2 = Jv 1 transverse to it. Consequently the curve C has a lot of dynamical invariants like winding classes of v 1 and v 2 , the set of critical points, linearizations at them etc. Moreover decomposing
we obtain two invariant (under pseudoholomorphic isomorphisms) functions γ 1 , γ 2 . These together with the germs of the functions c i jk from the previous subsection form moduli of the C-neighborhoods germ. They solve the equivalence problem for PH-embeddings C 2 → M 4 (of general position).
be equipped with the structure
Then C = {x = y = 0} is a PH-torus and the winding number of v 1 is ρ. Similarly one shows the other considered invariants are non-trivial.
As we will see the moduli space of germs of C-embeddings is much larger than this for the normal bundles, implying impossibility of equivalence [A2](1993-25).
Holomorphic and pseudoholomorphic structures in a neighborhood of a curve
For a holomorphic curve C in a complex manifold M 2n its normal bundle is defined via the exact sequence:
Using charts one can check the total space of the bundle is a complex manifold making N C M into a holomorphic vector bundle over C. Another way to introduce the complex structure in N C M for embedded C is to use the "box theorem", stating that some neighborhood O is a holomorphic bundle over C with fibers biholomorphic to the ball B 2n−2 (ε) ⊂ C n−1 . Let A t be the dilation along the fibers. For the complex structure J on O we define:
ThenĴ is the required (canonical) complex structure on N C M .
Recall that a rational curve is the Riemann sphere C =C S 2 and an elliptic curve is a torus C = C/Γ T 2 . This torus is uniquely characterized by its lattice Γ = Z 2 (2π, ν), where the first period is fixed to be 2π and for the second Im(ν) > 0.
All holomorphic topologically trivial 1-dimensional vector bundles over this elliptic curve are described as follows. Consider C 2 with coordinates (z, ϕ) and for λ ∈ C \ {0}, ν ∈ C \ R make the identifications
The bundle E → T 2 is now given by (z, ϕ) → ϕ. Similarly one classifies S 2 -bundles with fixed two distinguished holomorphic sections "zero" and "infinity".
Arnold in [A1] §27 considers normal bundle N T 2 M 4 to an elliptic curve and prove that if the pair (λ, ν) is normal nonresonant (λ n = e ikν plus some diophantine condition for this pair) then a small neighborhood of T 2 ⊂ M is biholomorphically equivalent to a neighborhood of the zero section in N T 2 M .
Note that the number λ is defined by 1-jet of the complex structure on the torus T 2 . But in almost complex situation 1-jet is determined by the field of the Nijenhuis tensors N J along the torus, so this λ is not defined. Moreover with another definition of the normal bundle proposed we'll see the whole Nijenhuis tensor does matter. For dim M = 4 the situation simplifies due to
This actually follows from Nijenhuis-Wolf theorem [NW] of existence of small PH-disk in a given direction (which is normal in our case) and smooth dependence on this direction. Using proposition 3 we can define an almost complex structureĴ on N C M making it into an almost complex bundle (cf. [M2] ) via formula (3). However for almost complex structures this approach works only in dimension 4 and being introduced so the properties of this almost complex structure remains hidden. We will handle the general case via differential-geometric tools in the next section.
Differential geometry around PH-curves
In this section we consider the general case dim M = 2n.
Normal bundle of a pseudoholomorphic curve
In almost complex case the bundle T M | C for a PH-curve C ⊂ M is no longer holomorphic. So one needs to consider almost complex bundles. A bundle
Proposition 4. Consider the normal bundle to a PH-curve C ⊂ M given as vector space by the sequence (2). There is a canonical almost complex structurê
Proof. Recall that on almost complex manifold (M, J) there is always an almost complex connection ∇J = 0. Actually if ∇ is any linear connection then ∇ = 1 2 ∇ − J∇ J is also a linear connection, which preserves the structure J. Moreover we can assume that ∇ is minimal, i.e. the torsion of ∇ equals to its antilinear by each argument part
Lemma 5. There exists a minimal almost complex connection such that the curve C is a totally geodesic submanifold, i.e. parallel transport of any vector v ∈ T C along a path in C belongs again to T C.
Proof. To see this let us make a gauge transformation∇ = ∇ + A, where
is a 1-form with values in complex endomorphisms of the tangent bundle. If we require that this 1-form is symmetric A ∈ S 2 T * M ⊗ C T M , then the new connection∇ is also almost complex and minimal.
Let ξ be a vector field on C with nondegenerate critical points, ξ ∈ D(C).
A(Jξ, Jξ) = η and for other vectors somehow preserving symmetry and Jlinearity (near the critical points there's a more work, we need to choose ξ so that η has a zero of the second order at these critical points).
Then∇
D(C) and also∇ Jξ Jξ ∈ D(C). So∇ preserves T C.
Another way to prove this is to introduce trivial connection in O(C) C × D and then to check that procedures of making connection almost complex and then minimal do not destroy the property of C being totally geodesic. Let us denote this new connection again by the symbol ∇.
We introduce a connection∇ to the bundle N C M by means of parallel transport as follows.
] to be the parallel transport of v along γ(t). Since C is totally geodesic, the definition is correct (∇-parallel transport of 0 is 0). Moreover the connection∇ is R-linear. So as usual in the theory of generalized connections we conclude that∇ is a linear connection.
Let a ∈ N C M be a point in the normal bundle with projection π(a) = x. Let T a (N C M ) = H a ⊕ V a be the decomposition by horizontal and vertical subspaces induced by∇. The first space H a π * T x C has a canonical complex structure
Let us show that the constructed almost complex structureĴ does not depend on the choice of minimal connection ∇ preserving T C. Let us change the
We state that λ a is a complex linear map. Actually 
) be a family of J-holomorphic curves of the same holomorhpic type with
φ 0 = id. Then d dt t=0 φ t is the pseudoholo- morphic curve in N C M . Moreover we have a one-parametric (scaled) family of PH-curves. Since (N C M ) x = T x M/T x C this family does not depend on the reparametrizationφ t = φ t • g t for g t ∈ Aut(C, J 0 ) (
Almost complex bundles
Now we return to the case dim M = 4.
integrable and is tangent to the fibers
Proof. Actually:
Corollary 7. Codimension of the set of almost complex structures, the germs of which on the PH-curve C ⊂ M are isomorphic to these of the normal bundle C ⊂ N C M , in the set of all almost complex structures is infinity.
Proof. Actually if the distribution Π 2 is nonintegrable in a neighborhood of the PH-curve C, then a neighborhood (O, J) of the curve is not isomorphic to a neighborhood of the zero section in the normal bundle (N C M,Ĵ) .
This property is contrary to its analog in the complex category, see Arnold theorem [A1] about neighborhoods of elliptic curves ( §1.3). So extending the category the discussed property becomes exceptional.
As the following example shows the integrability of Π 2 is necessary but by no means sufficient condition on the structure J to be locally isomorphic to its representative on the normal bundle.
Example. Consider the almost complex structure given on a T 2 (ϕ)D 2 (z) with ϕ = ϕ 1 + iϕ 2 , z = x + iy by the formula:
If the functions A i satisfy this (Cauchy-Kovalevsky) system the projection along the leaves is given by the formula (z, ϕ) → ϕ. Therefore our structure J is projectable iff A i ≡ 0. But there are nonzero solutions of (6). For example:
So the space of projectable structures J are of codim = ∞ among the structures with Π 2 integrable, which are of codim = ∞ among all almost complex structures with a fixed 0-jet on the torus T 2 .
Nijenhuis tensor of normal bundles
Let N C M be a normal bundle of pseudoholomorphic curve C ⊂ M 4 . Then at the points x ∈ C two different Nijenhuis tensors N J of ambient structure and NĴ of the structure of the normal bundle are defined. Are there some relations between these two tensors? Or between characteristic distributions of these structures? As the following examples show the answer is negative.
2 ) be equipped with almost complex structure
Then the curve C = {x 2 = y 2 = 0} is pseudoholomorphic. We calculate that the following are the Nijenhuis tensor of the structure J and a minimal almost complex connection (note that
So we find that the horizontal planes are H = ∂ x 1 , ∂ y 1 , whence the structure on N C M iŝ
and NĴ = 0.
Example. "Transversal distribution Π 2 ". Let the structure be now
Again the curve C = {x 2 = y 2 = 0} is pseudoholomorphic and the Nijenhuis tensor and a minimal almost complex connection are (now Π 2 = ∂ x 2 , ∂ y 2 ):
The horizontal planes are
2 y 1 ∂ y 2 and so the characteristic distribution of the normal structure is "the same" as for the structure J:Π 2 = Im NĴ = ∂ x2 , ∂ y2 . So the answer to the above question is positive if N J is of special type.
Linear bundle almost complex structures
Consider an almost complex vector bundle π : (E, J) F → (C, J 0 ) of the rank dim F = 2n and suppose the restriction J| F is a linear complex structure on the fiber. So we can also consider (E, π, C) just as vector bundle with complex structures in the fibers. 
In particular the zero section C ⊂ E is a J-pseudoholomorphic curve.
We note now that the almost complex structureĴ on the normal bundle N C M is a linear bundle structure.
Lemma 8. The Nijenhuis tensor of linear bundle almost complex structure J is constant along the fibers and determines
where the coefficients are linear functions of z k and the vertical coordinates are complex linear coordinates but horizontal coordinates are complex only on the zero section. So the structure J is given by relations Consider now the case dim E = 4. For every point a ∈ E denote by r = r a ∈ T a E the vertical vector equal to xa ∈ F T a F with x = π(a) ∈ C.
Theorem 9. Let J be a linear bundle structure on a vector bundle π : E → C with 2-dimensional fibers over a curve (C, J ). Then for some complex structure J 0 on E, making the bundle holomorphic, we have:
Proof. Let us define the structure by the formula
Since N J | F ≡ 0 this structure J 0 | F = J| F is linear on fibers. This proves the formula for J of the theorem. We first show that the structure J 0 is almost complex. Note that by lemma 8 N J (r, ξ) ∈ F for any ξ and N J (r, ξ) = 0 for ξ ∈ F . So
Now we show that this J 0 is integrable. By Newlander-Nirenberg theorem [NW] this is equivalent to the vanishing of the tensor N J0 . Let us choose local coordinates (z, ϕ) as in proposition 3. In these coordinates J∂ x = J 0 ∂ x = ∂ y and we deduce from (7):
C T E the claim follows. Note that the tensor N J on the right-hand side in the formula of the theorem can be defined only at the points of C ⊂ E and then lifted to E as in remark 3. Since one easily describes complex structures on vector bundles (for trivial bundles see §1.3) we get the complete description of linear bundle almost complex structures.
Normal form of 1-jet of an almost complex structure
Consider the ideal of real-valued functions corresponding to the curve C
Degrees of this ideal give the filtration µ k on every C ∞ (M )-module, in particular we can talk about jets of tensor fields. 
Proof. This statement is an analog of theorem 1 [K1] . Details of the construction can be found there. Here we present a short proof with the indication of differences.
By the hypothesis the desired diffeomorphism ψ has 1-symbol
Moreover these symbols are compatible with the condition ψ| C = id:
The symbol satisfies the following condition:
where d = d ∇ is the differential w.r.t. some symmetric (and so not almost complex) curvature-free connection ∇.
Equivalently this means that the tensor
satisfies the equation
Now given J 1 and J 2 we have P and would like to find the corresponding Φ from (9). Form equality (10) we deduce
implies the possibility to satisfy equation (9) by the choice
Identity (11) means exactly N J 1 = N J 2 . Note that the tensor B can be chosen to satisfy (8) and all the constructions respect this condition (T C is J k -invariant). So we get Φ (2) satisfying (8) and (9). Now the symbols Φ stand for the differential of the mapping ψ we seek for. Calculations above show the τ * ⊗ τ -valued 1-form generated by Φ is closed. Then the condition H 1 (C; N C M ) = 0 imply that it is exact. Hence the symbols Φ are integrated to the diffeomorphism ψ we sought for.
Consider PH-sphere C = S 2 ⊂ M 4 , C · C = 0. On the family of transversal disks D ϕ , constructed in proposition 3, we can choose smooth global complex coordinate z so that z is complex w.r.t. the restriction J| D ϕ . So a neighborhood O of S 2 is represented as a product D 2 × S 2 with coordinates (z, ϕ), ϕ taking values inC. Let us define a complex structure by the product-formula J 0 = J v J h , with the vertical part J v induced by the projection along the spheres S 2 = {z = const} from the structure J| D ϕ and the horizontal part J h induced by the projection along the disks D ϕ from the structure J| C .
Corollary 11. Almost complex structure J in a neighborhood O ⊂ M 4 of PH-sphere C = S
2 is 1-equivalent to the almost complex structure
where N J is the field of the Nijenhuis tensors along C. In other words there exists a local diffeomorphism ψ, ψ| C = id, such that
Proof. The values of the almost complex structure J and the almost complex mod µ 2 structureJ = J 0 + 1 2 J 0 N J (r a , ·) + . . . on the right-hand side of the formula are equal at the points of the sphere S 2 . Let us show that the same is true for their Nijenhuis tensors. Namely we show that the Nijenhuis tensor NJ calculated according to definition (1) is equal to the prescribed Nijenhuis tensor N J at all points S 2 . The calculations are local and it is sufficient to consider the value of NJ on two complex independent vectors, say on ∂ x and ∂ ϕ1 , where ϕ = ϕ 1 + iϕ 2 and z = x + iy are local coordinates defining J 0 . Let us denote by . = the equality mod µ. We have:
Thus NJ = N J along S 2 and the claim is proved. Consider now arbitrary PH-curve C with trivial normal bundle C · C = 0. Similarly to the proposition 3 we find coordinates (z, ϕ) in a neighborhood of C ⊂ M , where ϕ is multivalued and {ϕ = const} is a family of transversal PH-disks D ϕ . D ϕ can be equipped with vector space structure and so for every a ∈ D ϕ ⊂ M 4 we set r ∈ T a D ϕ be the radius vector 0z attached at the point a. Here we use the canonical identification T a F F for the vector spaces.
Theorem 9 expresses the linear bundle almost complex structure in terms of some complex structure and a Nijenhuis tensor. When almost complex structure is arbitrary then the conclusions of proposition 6 and theorem 1 are wrong (the formula of theorem 1 can give the operator with J 2 = −1). However on the level of 1-jet the theorem remains true.
the field of Nijenhuis tensors of J along C, where τ = T M | C . Assume the Nijenhuis tensor characteristic distribution Π
2 is transversal everywhere to C. Then for some complex structure J 0 in a neighborhood of C we have:
Proof. We can assume the disks D ϕ have Π 2 as tangent planes at the points of C. We use the symbol . = as in the proof of the corollary above. First note that formula (12) implies J . = J 0 for vertical vectors (belonging to T D ϕ ). Thus we define J 0 .
Similarly to the proof of theorem 9 it is proved that J 2 0 . = −1 and that N J0 . = 0. Thus J 0 is a complex structure mod µ 2 [K1] and we can take instead of it any complex structureJ 0 = J 0 mod µ 2 . In this theorem J 0 is some complex structure while in the corollary 11 we had some definite complex structure. In the case C = T 2 we can also assume the complex structure J 0 is J (λ) from proposition ??.
Actually, if the complex structure J 0 in the torus neighborhood has normal bundle determined by the normal nonresonant pair (λ, ν), then we can find coordinates (z, ϕ) in a neighborhood with the gluing rule (4) in which J 0 is standard. In these coordinates
with z = r 2 + ir 4 and indices 1, 3 being used for the real and imaginary part of ϕ = r 1 + ir 3 . Here N γ αβ are the components of the Nijenhuis tensor. We assume every object changes its sign when one index is changed by 4, e.g. N ([K1] , [KL] 3 Curves in a neighborhood of a PH-torus
Locally foliating families of cylinders
In this section we consider only pseudoholomorphic tori C = T 2 . Results of section 1 imply there are moduli of almost complex structures on a germ of C contrary to the complex case in which Arnold found a normal form of a neighborhood of an elliptic curve T 2 ⊂ M 4 . To get some analogs of the complex situation we consider foliations of a neighborhood of T 2 by pseudoholomorphic curves. Generically there are no compact curves in a neighborhood and PHtori appear discretely because index of the corresponding linearized CauchyRiemann operator is zero ([Ku2] ). So one should consider noncompact curves. We begin with PH-lines. Let · be some fixed norm. 
Proof. Let us take the universal coveringÔ CD 2 of O. The torus is covered by the entire line C → T 2 . Changing the structure J at infinity inÔ and near the boundary to the integrable one we glue the manifold to the product S 2 S 2 with the line C being glued to the first factor S 2 1 . Then the introduction of the taming symplectic product-structure ω = ω 1 ⊕ ω 2 yields a foliation of S by PH-spheres S 2 in the homology class of the first factor if we additionally demand ω 1 (S 2 1 ) < ω 2 (S 2 2 ), i.e. the homology class [S 2 1 ] of the first sphere-factor is symplectically simple. Here we use the fact that the dimension is 4: due to positivity of intersections [M1] we actually have a foliation ([M2] ).
This foliation of S 2 S 2 gives a family of big PH-disks onÔ parametrized by the radius ρ of disk in C out of which the almost complex structure is changed. To get estimates we use Brody reparametrization lemma as in [KO] . The filling property is given by the choice of pertrubation of the structure in O \ O : This is simple if we require the boundary of O to be J-pseudoconvex ( [G] 2.4.D).
We now consider filling by pseudoholomorphic cylinders C R = [−R; R]S 1 . They can be considered also as annuli C R ⊂ C \ {0}, but the next construction differs from the previous because the cylinders are now non-contractible in O (Fig.1) . Proposition 14. In the statement of proposition 13 we can change disks D R to C R and get for every R > 0 a family of PH-cylinders f α : C R → O with uniformly bounded norms and normalization (f α ) * (0) = 1. In addition this family is filling: Proof. Actually take a covering of the neighborhood O which corresponds to one cycle of the torus. The torus is covered by the entire cylinderĈ → T 2 . We can change the almost complex structure J at infinity so that it makes possible to "pinch" each end of the cylinder. This means we perturb the structure J so that it is standard integrable outside some C R2 ⊂Ĉ and the support is also a big cylinder C R1 . Then we glue the ends to the disks. This operation gives us a sphere S 2 instead of the cylinderĈ = RS 1 . We can also assume that neighborhoods of two cylinder ends are pinched (Fig.2) .
Thus we have a neighborhood U of the sphere S 2 0 . It is foliated by PH-spheres close to S 2 0 . Actually, we can change the structure J near the boundary of this neighborhood, glue and get the manifold-productM = S 2 S 2 . As before it is foliated by PH-spheres. Thus U is foliated by PH-spheres and in the preimage they give a PH-foliation by cylinders. 
Ĉ). The technical difficulty is however that we need reparametrization in the sequence of finite PH-cylinders passing the given point and the limiting curve can shift and not pass through the point (I am indebted to V.Bangert for a discussion about it)
. To achieve filling one needs to control the sequence. We will consider the problem elsewhere.
The positivity of intersections theory ( [M1] ) is applicable only to closed submanifolds and it cannot guarantee that leaves of the considered filling do not intersect. If there are no intersections of the leaves with close values of parameters and there are no self-intersections we call the family locally foliating.
Recall that PH-torus T 2 is parametrized by periodic coordinate z ∈ C, i.e. the map f 0 : C → T 2 satisfies f 0 (z) = f 0 (z + 2π) = f 0 (z + ν), where 2π, ν are periods. We parametrize f α by the condition f α (z) = f α (z + 2π).
Fix some transversal PH-disk D ϕ 0 to the torus T 2 . Consider the return map Ψ : D ϕ 0 → D ϕ 0 for our family of surfaces f α . This is defined as follows: if a point z ∈ D ϕ 0 belongs to f α , z = f α (ϕ) we set Ψ(z) = z with z = f α (ϕ+σ(ϕ)), σ(ϕ) ≈ ν, chosen to belong to D ϕ0 again. This return map Ψ is determined non-uniquely since several cylinders of the family f α can pass through z.
Proposition 15. Let the return map be either attracting or repelling, |Ψ(z)/z| ∈
close to zero and some fixed ε < 1 (we assume the inequality holds notwithstanding the nonuniqueness of Ψ). Then the constructed family f α :Ĉ → O is locally foliating in a neighborhood of T 2 .
Proof. The condition that Ψ is attracting or repelling means that there are no self-intersections of the leaves f α (Ĉ). If a leaf f α (Ĉ) transversally intersect another f β (Ĉ) with α ≈ β then because of the convergence f α (C R ) → f α (Ĉ) there is an intersection of the spheres S 2 ⊂M from which cylinders are constructed. This is certainly impossible because our family of spheres is foliating. If the leaves f α (Ĉ) and f β (Ĉ) are tangent let us consider the first order of their jets which are different. This is the next number after the tangency order. Since the maps of finite cylinders C R tends to the maps ofĈ in C ∞ -topology the spheres in the manifoldM do intersect. Every such intersection even nontransversal contributes positively to the intersection number ( [M1] ) which contradicts [S 2 ] · [S 2 ] = 0. It remains to note that if two pseudoholomorphic curves in an almost complex manifold have the infinite tangency they must coincide ( [MS] ).
For arbitrary almost complex structures it is not clear if there are foliations of the T 2 -neighborhood by cylinders. The following can be probably solved using a method similar to the Moser's proof [Mo] of PH-lines foliation persistence.
Question: Let T 2 be normal nonresonant elliptic curve. Let J be a small almost complex perturbation of the complex structure J 0 . The curve T 2 will be perturbed into close PH-curve C. Is it true that a neighborhood O(C) is foliated by PH-cylinders?
Floquet theory for the PH-foliations
Holomorphic bundle (4) possesses a distinguished foliation {z = const}. We call this foliation the foliation by λ-twisted cylinders. Arnold's "Floquettype" result in [A1] §27 implies that a neighborhood of every elliptic curve has a foliation by twisted cylinders which is biholomorphic to the standard one. Here we study PH-foliations.
Let f Definition 3. We call Φ γ ∈ Aut(D ϕ ) the monodromy map along γ ∈ π 1 (C).
For example there is no monodromy for the sphere C = S 2 and each choice of local coordinates in a normal disk D ϕ0 gives coordinates for the others D ϕ .
Let now C = T 2 (2π, ν). Since our foliating family f α consists of cylinders there is no monodromy along one generating cycle, let along the cycle ϕ → ϕ + 2π. Denote by Φ ν the monodromy along the other cycle ϕ → ϕ + ν.
Let f α :Ĉ → O be a foliating family of PH-cylinders in a neighborhood O ⊂ O of the PH-torus T 2 . Assume the monodromy of the family f α is
Recall Proof. A coordinate system z on a transversal disk D ϕ 0 provides coordinates on all others D ϕ . These coordinates are multivalued because rotation along the second cycle ϕ → ϕ + ν yields the monodromy mapping z → ψ(z) = λz +ō(|z|). Now we apply Poncaré-Siegel theorem ([A1]) in complex dimension 1 which states that the monodromy map is conjugate to the map ψ(z) = λz.
Monodromy and transports
Unlike complex case almost complex monodromy can be non-holomorphic mapping of the fibers. Actually there are simple examples of PH-foliations with any prescribed monodromy.
Moreover even if the monodromy is complex (as required in theorem 16) the transport maps Φ γ : (D ϕ0 , J) → (D ϕ1 , J) can be not. In fact this is the occasion of codim = ∞. 
Proposition 17. Let C ⊂ M be a PH-curve in a 4-dimensional manifold and let f α : P → O be a local PH-foliating family of some neighborhood O(C). Let also D ϕ be a transversal PH-foliation and Φ γ be the corresponding transport map
D ϕ 0 → D ϕ 1 along curves γ(t) ⊂ C, γ(0) = ϕ 0 , γ(1) = ϕ 1 .
PH-tori deformation problem
Generically holomorphic 2-torus in a complex manifold cannot be deformed ( [A1] ). The same situation is also with PH-tori in almost complex manifolds. This follows from vanishing of the index of the linearized Cauchy-Riemann operator ( [Ku1] ). By the deformation we mean existence of close homologous PH-torus of the same periods T 2 = T 2 (2π, ν). In this section we consider some examples where we can make the condition of non-existence explicit. 1 • ) Let us consider linear bundle almost complex structure J on the bundle E → T 2 . There exist coordinates (z, ϕ) with the gluing rule (4) such that
This formula follows from theorem 9 and the coordinates are determined by
Thus the basis of E * + in the decomposition T *
Now every pseudoholomorphic torus in E homologous to the zero section T 2 is of the form f (T 2 ) for some section f of the bundle E → T 2 . This is to say each PH-torus in E has unique transversal intersection with every fiber. Actually we may compactify the fibers of the bundle to the spheres and the claim follows from the positivity of intersections (or even simpler by studying the degree of the projection of this torus to the torus-base).
Let us deduce the equation for f . The curve f (T 2 ) is pseudoholomorphic iff
Substituting df = f ϕ dϕ + fφdφ we have:
Theorem 18. Let J be a linear bundle almost complex structure and J 0 be the corresponding complex structure from the decomposition of theorem 9. Suppose the number λ, determined by the complex structure J 0 in the bundle E via (4), is of unit length: |λ| = 1. Assume also that the function Λ ∈ C ∞ (T 2 ), determined uniquely by the equation Proof. First note that since 1 2
we have Λ = −2ib.
Let us show the equation (16) has no nonzero solutions. Complex Laplacian of f equals fφ ϕ = −bf ϕ = −bfφ = |b| 2 f . Our torus neighborhood is the trivial cylinder C 2 = {ϕ ∈ C | Im ϕ ∈ [0, Im ν)}/2πZ neighborhood glued by the rule (z, ϕ) → (λz, ϕ + ν). Thus when ϕ → ϕ + ν we have: f → λf . So integrating over the cylinder gives:
So using the calculation with the Laplacian we have:
Therefore since |b| = 0 we get f = 0. 
Actually, the linearization does not depend on a change of the structure J by second order quantities. Thus we can perturb J to make the distribution Π 2 integrable in O ⊃ T 2 . This new almost complex structure is given by the formula (5).
Let's write the equation for close PH-tori. The basis of E + is
So the equation (ω 2 − c · ω 1 )| z=f (ϕ) = 0 implies the required equation on f :
Denote by A 0 and B 0 linearizations by fiber coordinate of the functions A and B respectively. Note that linearization of equation (6) implies that A 0 is holomorphic w.r.t. z, that is we can bring our equations to the constant A 0 . Since A| z=0 = 0, B| z=0 = 0, linearization of equation (20) is
which has the form (19) if we set −
Since we have equations (6) the Nijenhuis tensor of (5) is
Therefore linearizing A and B we conclude that its values on T 2 are given by the formula (see also (17)) Example. Consider a foliation f α : T 2 → O of 4-dim neighborhood of some torus. Introduce the structure J in horizontal directions so that all the tori T 2 α are pseudoholomorphic but nonequivalent (the parameter ν is changing). Choose the structure J on the normals D ϕ so that the transports Φ γ are not holomorphic ( §3.3). Define J globally by the product formula. Then the distribution Π 2 is nonintegrable and we get the distribution L 1 = Π 3 ∩ T (T 2 ) (possibly with singularities).
4
• ) Note that the tori in the same homology class can occur both in families and discretely. Note that in the considerations above we needed to fix a holomorphic structures on the tori sought for. The last proposition does not require this.
A Normal bundle in Riemannian geometry.
The construction of structure on the normal to the submanifold bundle from §2.1 can be carried out for some other cases.
For example in Riemannian geometry there exists a unique Riemannian connection ∇. This Levi-Civita connection splits the normal bundle N L M of any submanifold i : L ⊂ M with induced Riemannian metric g L = i * (g M ). However the uniqueness of the connection ∇ makes the situation more rigid and for our construction we should require that L is a totally geodesic submanifold. So we construct the metric in N L M and then again ask about relations between two tensors: Riemannian curvature R g of the manifold M at points of L ⊂ M and the curvatureR g for the total space of N L M at zero section L ⊂ N L M . In general there are no relations, but for some parts of the tensors there is.
Namely consider the curvature of the normal bundle R ⊥ , which is the curvature tensor of the normal connection ∇ ⊥ given by the orthogonal decomposition in So horizontal parts of the both curvatures R g andR g coincide. Note that in the almost complex case this is trivially so because these horizontal parts vanish.
Question: What happens in other geometries -conformal, projective etc? There are also notions of normal connections ( [N] ) but on the normal spaces considered as bundles not manifolds.
